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The magic texture is one of the successful textures of the flavor neutrino mass matrix for
the Majorana type neutrinos. The name “magic” is inspired by the nature of the magic
square. We estimate the compatibility of the magic square with the Dirac, instead of the
Majorana, flavor neutrino mass matrix. It turned out that some parts of the nature of
the magic square are appeared approximately in the Dirac flavor neutrino mass matrix
and the magic squares prefer the normal mass ordering rather than the inverted mass
ordering for the Dirac neutrinos.
PACS numbers:14.60.Pq
1. Introduction
Understanding the nature of the flavor structure of elementary particles is one of
the long-term problems in particle physics and cosmology.1, 2 Many texture ansatz
to solve the flavor puzzle are proposed, such as tri-bi maximal texture,3–5 texture
zeros,6–41 µ− τ symmetric texture42–62 and textures under An as well as Sn sym-
metries.63
So-called magic texture is one of the textures of the flavor neutrino mass matrix
for Majorana type neutrinos.64, 65 The magic texture is parametrized as
M =

a b cb d a+ c− d
c a+ c− d b− c+ d

 . (1)
The applications of the magic texture have been studied for texture zeros of flavor
neutrino mass matrix,66 with two simple extensions67 and for baryon asymmetry of
the Universe.68
1
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The name “magic” is inspired by the nature of the magic square.69 A magic
square of order n is a n× n square grid filled with distinct natural numbers. Each
cell contains a number in the range 1, 2, · · · , n2. The sum of the numbers in each
row, each column and diagonal is equal. For example, a magic square of order 3 is
schematically shown as
2 7 6
9 5 1
4 3 8
← 15
← 15
← 15
ր ↑ ↑ ↑ տ
15 15 15 15 15
(2)
where the sum (which is called magic constant or magic sum) is fifteen. The magic
texture in Eq.(1) has a part of the nature of magic square, e.g., the sum of the
elements in each row and each column is equal to a+ b+ c.
In this paper, we estimate the compatibility of the magic square with the Dirac,
instead of the Majorana, flavor neutrino mass matrix by numerical calculations. We
show that some parts of the nature of the magic square are appeared approximately
in the Dirac flavor neutrino mass matrix. Moreover, as the main conclusion of this
paper, we demonstrate that the magic squares prefer the normal mass ordering
rather than the inverted mass ordering for the Dirac neutrinos.
This paper is organized as follows. In Section.2, four types of magic square are
defined. In Section.3, the magic nature of the Dirac flavor neutrino mass matrix is
estimated. Section 4 is devoted to a summary.
2. Classification
For a matrix 
a b cd e f
g h i

 ← S1← S2
← S3
ր ↑ ↑ ↑ տ
T ′ S4 S5 S6 T
(3)
we define the following eight sums
S1 = a+ b+ c, S2 = d+ e+ f, S3 = g + h+ i,
S4 = a+ d+ g, S5 = b+ e+ h, S6 = c+ f + i,
T = a+ e+ i, T ′ = c+ e+ g, (4)
and the following four types of magic square in the from of the 3× 3 matrix.
Type-I: The exact magic square (we call it type-I magic square) should satisfy
the following requirement
S1 = S2 = S3 = S4 = S5 = S6 = T = T
′. (5)
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In this case, the standard deviation should vanish:
sdI =
√∑6
i=1(Si − S¯)
2 + (T − S¯)2 + (T ′ − S¯)2
8
, (6)
where
S¯ = (S1 + S2 + S3 + S4 + S5 + S6 + T + T
′)/8, (7)
is the average of the sums S1, S2, · · · , S6, T and T
′. For example, in the case of order
3 magic square 
2 7 69 5 1
4 3 8

 , (8)
the sums
S1 = S2 = S3 = S4 = S5 = S6 = T = T
′ = 15, (9)
and the average S¯ = 15 are obtained and the standard deviation becomes sdI = 0.
Moreover, we obtain the vanishing standard deviation for the following decimal
magic square: 
0.2 0.7 0.60.9 0.5 0.1
0.4 0.3 0.8

 . (10)
In deed, the sums of this decimal magic square
S1 = S2 = S3 = S4 = S5 = S6 = T = T
′ = 1.5, (11)
and the average S¯ = 1.5 are obtained and the standard deviation becomes sdI = 0.
The standard deviation sdI is a good number to show that whether a matrix has
the nature of the exact type-I magic square or not; however, the standard deviation
is not good number for our purpose in this paper. For example, the matrix
2 + 1 7 69 5 1
4 3 8

 , (12)
and 
0.2 + 0.1 0.7 0.60.9 0.5 0.1
0.4 0.3 0.8

 , (13)
have a small perturbation for the type-I magic square in the (1,1) element. Because
the requirement of the type-I magic square is only the relation of S1 = S2 = S3 =
S4 = S5 = S6 = T = T
′, these two matrices are same level of type-I magic square;
however, the standard deviations of the matrices in Eq.(12) and Eq.(13) are 0.484
and 0.0484, respectively.
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We define the magic index for the type-I magic square as follows
sI =
√∑6
i=1(
Si
S¯
− 1)2 + (T
S¯
− 1)2 + (T
′
S¯
− 1)2
8
. (14)
The magic index sI of the matrices in Eq.(12) and Eq.(13) are same as 0.0315.
The small magic index for a matrix means the matrix is much compatible with
the magic square.
Type-II: If we relax the requirement of the exact magic square in Eq.(5), we can
define the quasi-magic squares. Omitting the trace T in the exact magic requirement
in Eq.(5), we have a new requirement
S1 = S2 = S3 = S4 = S5 = S6 = T
′, (15)
for a matrix. We call a matrix with the requirement of Eq.(15) the type-II magic
square. For the type-II magic square, we define the following magic index
sII =
√∑6
i=1(
Si
S¯
− 1)2 + (T
′
S¯
− 1)2
7
, (16)
where
S¯ = (S1 + S2 + S3 + S4 + S5 + S6 + T
′)/7. (17)
Type-III: Omitting the sum T ′ in the exact magic constraint in Eq.(5), we have
other new requirement
S1 = S2 = S3 = S4 = S5 = S6 = T, (18)
for a matrix. We call a matrix with the requirement of Eq.(18) the type-III magic
square and we define the following type-III magic index
sIII =
√∑6
i=1(
Si
S¯
− 1)2 + (T
S¯
− 1)2
7
, (19)
where
S¯ = (S1 + S2 + S3 + S4 + S5 + S6 + T )/7. (20)
Type-IV: Finally, we define the type-IV magic square by omitting the sum T ′
and trace T in the exact magic requirement in Eq.(5). In this case, the requirement
becomes
S1 = S2 = S3 = S4 = S5 = S6, (21)
and we define the following type-IV magic index
sIV =
√∑6
i=1(
Si
S¯
− 1)2
6
, (22)
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where
S¯ = (S1 + S2 + S3 + S4 + S5 + S6)/6. (23)
We note that the type-IV magic square is a Dirac neutrino version of the magic
texture for Majorana neutrinos in Eq.(1).
3. Magic square and Dirac neutrino mass matrix
In this section, first, we show the brief review of the Dirac neutrino mass matrix and
the experimental data of the neutrinos. Then, we estimate the compatibility of the
magic square with the Dirac flavor neutrino mass matrix by numerical calculations.
3.1. Neutrino mass matrix
The minimal flavor neutrino mass matrix for Dirac neutrinos is obtained by70
M =

Mee Meµ MeτMµe Mµµ Mµτ
Mτe Mτµ Mττ

 =

Ue1m1 Ue2m2 Ue3m3Uµ1m1 Uµ2m2 Uµ3m3
Uτ1m1 Uτ2m2 Uτ3m3

 , (24)
where m1,m2 and m3 denote the neutrino mass eigenstates and
Ue1 = c12c13, Ue2 = s12c13, Ue3 = s13e
−iδ, (25)
Uµ1 = −s12c23 − c12s23s13e
iδ,
Uµ2 = c12c23 − s12s23s13e
iδ, Uµ3 = s23c13,
Uτ1 = s12s23 − c12c23s13e
iδ,
Uτ2 = −c12s23 − s12c23s13e
iδ, Uτ3 = c23c13,
denote the elements of the Pontecorvo-Maki-Nakagawa-Sakata mixing matrix.71–74
We used the abbreviations cij = cos θij and sij = sin θij (i, j=1,2,3). The Dirac CP
phase is denoted by δ.
A global analysis of current data shows the following the best-fit values of the
squared mass differences ∆m2ij = m
2
i −m
2
j and the mixing angles for the so-called
normal mass ordering (NO), m1 < m2 < m3, of the neutrinos:
75
∆m221
10−5eV2
= 7.39+0.21
−0.20 (6.79→ 8.01),
∆m231
10−3eV2
= 2.528+0.029
−0.031 (2.436→ 2.618),
θ12/
◦ = 33.82+0.78
−0.76 (31.61→ 36.27),
θ23/
◦ = 48.6+1.0
−1.4 (41.1→ 51.3),
θ13/
◦ = 8.60+0.13
−0.13 (8.22→ 8.98),
δ/◦ = 221+39
−28 (144→ 357), (26)
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where the ± denotes the 1σ region and the parentheses denote the 3σ region. On
the other hands, for the so-called inverted mass ordering, m3 < m1 . m2, we have
∆m221
10−5eV2
= 7.39+0.21
−0.20 (6.79→ 8.01),
∆m232
10−3eV2
= −2.510+0.030
−0.031 (−2.601→ −2.416),
θ12/
◦ = 33.82+0.78
−0.75 (31.61→ 36.27),
θ23/
◦ = 48.4+1.0
−1.2 (41.4→ 51.3),
θ13/
◦ = 8.64+0.12
−0.13 (8.26→ 9.02),
δ/◦ = 282+23
−25 (205→ 348). (27)
Moreover, the following constraints∑
mi < 0.12− 0.69 eV, (28)
from the cosmological observation of the cosmic microwave background radia-
tion39, 76–79 as well as
|Mee| < 0.066− 0.155 eV, (29)
from the neutrino less double beta decay experiments39, 80 are obtained.
3.2. Numerical analysis
To estimate the compatibility of the magic square with the Dirac flavor neutrino
mass matrix by numerical calculations, we employ the following real matrix
a b cd e f
g h i

 =

 |Mee| |Meµ| |Meτ ||Mµe| |Mµµ| |Mµτ |
|Mτe| |Mτµ| |Mττ |

 , (30)
instead of the complex Dirac mass matrix in Eq.(24).
In our numerical calculation, we require that the square mass differences ∆m2ij ,
mixing angles θij and the Dirac CP violating phase δ are varied within the 3σ
experimental ranges and the lightest neutrino mass is varied within 0.001− 0.1 eV.
We also require that the constraints |Mee| < 0.155 eV and
∑
mi < 0.241 eV (TT,
TE, EE+LowE+lensing40, 76) are satisfied.
We show the results from the numerical calculations in Tables 1 - 3 as well as
Figures 1 and 2.
Table 1 shows that the minimum and maximum values of the magic indices
of type-I, -II, -III and type-IV magic squares for the Dirac flavor neutrino mass
matrix. We recall that the small magic index for a matrix means the matrix is
much compatible with the magic square. We note the following three points:
• The top row in the Table 1 shows that the minimum of the type-I magic
index are smin1 = 0.132 and s
min
1 = 0.136 for NO and IO, respectively. Thus,
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Table 1. Minimum and maximum values of
magic index.
type magic index NO IO
I smin
I
0.132 0.136
smax
I
0.783 0.462
II smin
II
0.102 0.107
smax
II
0.874 0.504
III smin
III
0.0729 0.0956
smax
III
0.739 0.476
IV smin
IV
0.0593 0.0888
smax
IV
0.832 0.525
Table 2. The sums S1, S2, · · · , S6, T, T ′ of the type-I, -II, -III and type-IV magic squares for the
Dirac flavor neutrino mass matrix in the unit of eV. The upper (lower) half of the table shows
the sums in the case of NO (IO). For each type of magic squares, the upper (lower) row shows
the sums for smin (smax).
NO
type s S1 S2 S3 S4 S5 S6 T ′ T
I smin
I
0.117 0.133 0.139 0.120 0.130 0.138 0.0971 0.158
smax
I
0.0128 0.0387 0.0433 0.00166 0.0144 0.0788 0.0126 0.0436
II smin
II
0.117 0.135 0.137 0.122 0.129 0.139 0.100 -
smax
II
0.0129 0.0383 0.0432 0.00168 0.0145 0.0782 0.0123 -
III smin
III
0.118 0.137 0.136 0.123 0.129 0.139 - 0.149
smax
III
0.0129 0.0387 0.0432 0.00163 0.0144 0.0788 - 0.0434
IV smin
IV
0.118 0.137 0.136 0.123 0.129 0.139 - -
smax
IV
0.0127 0.0389 0.0432 0.00166 0.0144 0.0788 - -
IO
type s S1 S2 S3 S4 S5 S6 T ′ T
I smin
I
0.129 0.126 0.138 0.137 0.148 0.107 0.105 0.160
smax
I
0.0677 0.0451 0.0529 0.0798 0.0843 0.00156 0.0406 0.0619
II smin
II
0.128 0.132 0.133 0.138 0.147 0.109 0.107 -
smax
II
0.0694 0.0462 0.0543 0.0820 0.0864 0.00155 0.0414 -
III smin
III
0.128 0.131 0.134 0.140 0.146 0.108 - 0.150
smax
III
0.0683 0.0429 0.0559 0.0782 0.0873 0.00158 - 0.0723
IV smin
IV
0.127 0.133 0.132 0.137 0.147 0.109 - -
smax
IV
0.0677 0.0430 0.0552 0.0777 0.0865 0.00163 - -
the exact magic square (type-I magic square) is hardly realized for the Dirac
flavor neutrino mass matrix.
• The smallest minimum magic index for NO(IO) is obtained in the case of
type-IV as 0.0593 (0.0888). Thus, if we relax the requirement of the magic
squares from exact magic square (type-I) to relatively rough magic square
(type-IV), some parts of the nature of the magic square are appeared for
the Dirac flavor neutrino mass matrix.
• The magic squares prefer the normal mass ordering rather than the inverted
mass ordering.
Table 2 shows the sums S1, S2, · · · , S6, T, T
′ of the type-I, -II, -III and type-IV
magic squares for the Dirac flavor neutrino mass matrix in the unit of eV. The
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Table 3. The neutrino parameters mi, θij , δ of the type-I, -II, -III and type-IV
magic squares for the Dirac flavor neutrino mass matrix. The upper (lower) half of
the table shows the sums in the case of NO (IO). For each type of magic squares,
the upper (lower) row shows the sums for smin (smax)
NO
type s m1[eV] m2[eV] m3[eV] θ12/◦ θ23/◦ θ13/◦ δ/◦
I smin
I
0.0745 0.0750 0.0897 36.12 51.19 8.851 183.9
smax
I
0.00104 0.00834 0.0511 33.14 41.39 8.400 345.7
II smin
II
0.0746 0.0750 0.0894 35.56 41.17 8.964 181.4
smax
II
0.00105 0.00838 0.0507 34.92 41.12 8.270 345.9
III smin
III
0.0748 0.0754 0.0899 36.20 51.10 8.866 340.2
smax
III
0.00101 0.00832 0.0511 35.43 41.48 8.277 336.7
IV smin
IV
0.0751 0.0756 0.0899 35.88 51.17 8.980 354.5
smax
IV
0.00104 0.00832 0.0512 32.88 41.51 8.294 325.1
IO
type s m1[eV] m2[eV] m3[eV] θ12/◦ θ23/◦ θ13/◦ δ/◦
I smin
I
0.0852 0.0856 0.0691 36.21 51.20 8.982 205.1
smax
I
0.0487 0.0494 0.00101 35.50 51.08 8.619 343.9
II smin
II
0.0852 0.0856 0.0701 33.23 41.41 8.881 205.3
smax
II
0.0500 0.0506 0.00101 35.66 51.10 8.822 347.4
III smin
III
0.0851 0.0855 0.0699 35.74 50.98 8.947 343.5
smax
III
0.0498 0.0506 0.00102 31.62 51.16 8.594 210.3
IV smin
IV
0.0852 0.0857 0.0701 32.25 48.50 8.906 329.1
smax
IV
0.0494 0.0500 0.00106 32.14 50.68 8.959 208.5
upper (lower) half of the Table 2 shows the sums in the case of NO (IO). For each
type of magic squares, the upper (lower) row shows the sums for smin (smax). We
note the following point:
• The sum of the diagonal elements T ′ or T tends to differ from other sums
in the type-I and type-II. This character of T ′ or T yields the large magic
index (deviation from the magic square).
Table 3 shows the neutrino parameters mi, θij , δ of the type-I, -II, -III and type-
IV magic squares for the Dirac flavor neutrino mass matrix. As same as Table 2,
the upper (lower) half of the Table 3 shows the sums in the case of NO (IO). For
each type of magic squares, the upper (lower) row shows the sums for smin (smax).
The following ranges of the neutrino parameters are roughly favored for the magic
squares:
mi/eV ∼ 0.07− 0.09,
θ12/
◦ ∼ 36,
θ23/
◦ ∼ 51, (for type− I,−III,−IV), ∼ 41, (for type− II),
θ13/
◦ ∼ 8.9
δ/◦ ∼ 181− 184, (for type− I,−II), ∼ 340, (for type− III, IV), (31)
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for NO and
mi/eV ∼ 0.07− 0.09,
θ12/
◦ ∼ 33− 36,
θ23/
◦ ∼ 51, (for type− I,−III,−IV), ∼ 41, (for type− II),
θ13/
◦ ∼ 8.9
δ/◦ ∼ 205, (for type− I,−II), ∼ 329− 344, (for type− III, IV), (32)
for IO.
Figure 1 and Figure 2 show that the dependence of the neutrino parameters
mi, θij , δ on the magic index s in the case of NO and IO, respectively. We note the
following four points:
• The large neutrino masses yield small magic indices (the large masses are
favorable for magic squares).
• The minimum of sI, sII and sIII for type-I, -II and -III are obtained with
large θ12, θ23 and θ13.
• The minimum of sI and sII for type-I and type-II are obtained with small
δ.
• The minimum of sIII for type-III is obtained with large δ.
for both NO and IO.
We would like to emphasis again the following remarkable result of our numerical
calculations:
• All types of the magic squares prefer the normal mass ordering rather than
the inverted mass ordering (see Table 1).
Although the neutrino mass ordering (either NO or IO) is not determined experi-
mentaly, a global analysis shows that the preference for the normal mass ordering
is mostly due to neutrino oscillation measurements.39, 81, 82 The theoretical origin of
the mass ordering of neutrinos is still big problem. There is a possibility that the
origin of the normal mass ordering is the magic nature of the neutrinos.
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Fig. 1. Dependence of the neutrino parameters mi, θij , δ on the magic index s in the case of NO.
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Fig. 2. Same as Figure 1 but in the case of IO.
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4. Summary
The magic texture is one of the successful textures of the flavor neutrino mass matrix
for the Majorana type neutrinos. The name “magic” is inspired by the nature of
the magic square. In this paper, we have estimated the compatibility of the magic
square with the Dirac, instead of the Majorana, flavor neutrino mass matrix by
numerical calculations. We have shown that some parts of the nature of the magic
square are appeared approximately in the Dirac flavor neutrino mass matrix and
the magic squares prefer the normal mass ordering rather than the inverted mass
ordering for the Dirac neutrinos.
Finally, we would like to comment about Eq.(30). In this paper, we have esti-
mated the compatibility of the magic square with the real matrix in Eq.(30) instead
of the complex Dirac mass matrix in Eq.(24). This approach may be enough as a
first step of the study about the relation between the magic square and the Dirac
flavor neutrino mass matrix; however, if we estimate the compatibility of the magic
square with the complex Dirac mass matrix in Eq.(24) by an appropriate method,
the results may be modified. A detailed analysis of this topic will be found in our
future study.
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